We study the statistical distribution of extinct radio pulsars at the stage of an ejector. An important element that distinguished our study from other works is a consistent allowance for the evolution of the angle of inclination of the magnetic axis to the spin axis. We determined the distribution of extinct radio pulsars in spin period for two models: the model with hindered particle escape from the neutron-star surface and the model with free particle escape. The total number of extinct radio pulsars is shown to be much smaller than that in the model in which the evolution of the angle of axial inclination is disregarded. This is because when the evolution of the angle of axial inclination is taken into account, the transition to the stage of a propeller occurs at much smaller periods (P ∼ 5 − 10 s) than assumed previously.
Introduction
Previously, we showed [3] that in the case of free particle escape from the surface of an extinct radio pulsar for small distances d ∼ 10 − 100 pc typical of the nearest neutron stars, their gamma-ray emission could be detected by the GLAST and INTEGRAL satellites. Our estimate of the intensity of the emission from extinct radio pulsars for free particle escape from the neutron-star surface agrees well with the estimate obtained by [7] for radio-emitting Figure 1 : Predicted and observed dependences of the gamma-ray intensity for radio pulsars on the rate of rotational energy losses under the assumption of free particle escape from the neutron-star surface. Extinct radio pulsars correspond to small losses, L < 10 31 erg s −1 .
pulsars (see Fig. 1 ). The point is that the high-frequency emission is associated mainly with primary particles and, therefore, it can also take place when no secondary plasma is produced.
In contrast, for hindered particle escape, the intensity of the emission is so low that the signal from the neutron star cannot be recoded by currently available receivers.
On the other hand, since the intensity of the emission strongly depends on the spin period of the neutron star, radio-quiet pulsars with long spin periods (i.e., those that have long ceased to radiate in the radio frequency range or those with comparatively long spin periods at the stage of radio emission) can no longer be detected even under the assumption of free particle escape from the neutron-star surface. Therefore, we can formulate three necessary conditions under which extinct radio pulsars are detectable: the validity of the model with free particle escape from the neutron-star surface, a relatively small distance to such stars, and short spin period of the neutron star.
Clearly, the observability of extinct radio pulsars depends on their total number in the Galaxy. We can estimate how many such radio pulsars can be within 100 pc of the Sun from this number. Another no less important parameter is the spin period of the neutron star at Figure 2 : The evolution of pulsars at the ejector stage under the assumption of hindered particle escape. Regions I and II correspond to active and extinct radio pulsars, respectively. The death line of active radio pulsars is shown for three different magnetic field strengths.
which it passes to the stage of an extinct radio pulsar.
In this paper we consider the stationary distribution of extinct radio pulsars at the stage of an ejector for two models: the model with hindered particle escape from the neutronstar surface [17] and the model with free particle escape [1] . An important element that distinguishes our study from other works is a consistent allowance for the evolution of the angle of inclination of the magnetic axis to the spin axis. On the other hand, we assume that no neutron stars are born at this stage. Finally, we disregard the possibility of magnetic-field evolution.
As a result, we determined the distribution of extinct radio pulsars in spin period. We show that the total number of extinct radio pulsars is much smaller than that in the model in which the evolution of the angle of axial inclination is disregarded. This is because when the evolution of the inclination angle is taken into account, the transition to the stage of a propeller occurs at much shorter neutron-star spin periods (P ∼ 5 − 10 s) than assumed previously.
Basic equations
Our goal is to determine the number of neutron stars that are no longer radio pulsars, but have not yet passed to the propeller stage. In other words, we will seek the distribution of neutron Figure 3 : The evolution of pulsars at the ejector stage under the assumption of free particle escape.
Regions I and II correspond to active and extinct radio pulsars, respectively. stars in the interval P d (χ, B) < P < P pr (χ, B), where the period P d (χ, B) corresponds to the death line of radio pulsars, and the period P pr (χ, B) corresponds to the transition of neutron stars to the propeller stage (see Fig. 2 and 3 ). We take into account the fact that both P = P d (χ, B) and P = P pr (χ, B) depend on the angle of axial inclination χ (this is a new element that has not been studied previously).
In particular, for the death line of radio pulsars, we will use the expression [5] 
12 (cos χ) 0.29 s.
As regards the transition period to the propeller stage, recall that it can be determined from the condition for the equality between the Schwarzman radius (i.e., the radius at which the pressure of the ambient medium is equal to the magnetodipole radiation pressure) and the radius of the Alfven surface [10] . Therefore, to determine the χ dependence of the transition period P pr , it will suffice to recall that the magnetodipole losses
(B 0 is the magnetic field at the pole of a neutron star with a radius R and a moment of inertia J r ) are proportional to the combination B 0 sinχ. As a result, we obtain
where the expression for P E has the standard form [10] 
Here, ρ ∞ and c ∞ are, respectively, the density and the speed of sound in the interstellar medium (c 7 is in units of 10
∞ is the corresponding energy density of the magnetic field ((B ext ) −6 is in units of 10 −6 G), and we naturally assume that the velocity of neutron stars v ∞ is much higher than the speed of sound in the interstellar medium [14] .
To determine the stationary distribution function of extinct radio pulsars, we introduce their distribution function N(P, χ; B) in spin period P , axial inclination χ, and magnetic field B. It can be found from the kinetic equation, which may be represented in general form
In other words, we will ignore the magnetic-field evolution over the lifetime at the ejector stage, as for radio pulsars. The validity of this assumption for normal radio pulsars seems proven, since their lifetime does not exceed the characteristic magnetic-field evolution time [15] . As we will show below, when the evolution of the angle of axial inclination is taken into account, the lifetime of neutron star at the ejector stage before their transition to the propeller stage will also be short.
In Eq. (5), the derivatives δP/δt and δχ/δt are known functions of the magnetic field B, the period P , and the angle of inclination χ. Thus, for example, for the model with hindered particle escape from the radio-pulsar surface, we assume that the energy losses closely match the magnetodipole losses (2):
This is because the plasma for hindered particle escape at periods P longer than
will fill only the inner region of the pulsar magnetosphere [8] . It is important that the quantity
is invariant during the evolution, so the angle of axial inclination decreases with time. The characteristic evolution time of the angle χ is equal to the time of change in the spin period of the neutron star.
On the other hand, for free particle escape, we assume that the neutron-star magnetosphere will still be completely filled with plasma that screens the longitudinal electric field.
In this case, the magnetodipole losses are known to be completely screened, and all of the energy losses must be associated with the longitudinal currents in the magnetosphere ( [5] , [13] ). In other words, the energy losses in this case will be the same as those for radio pulsars.
As a result, we obtain ( [5] )
where 2d ≃ 1.5. In this case, the quantity
is invariant during the evolution, so the angle of inclination χ will tend to 90
• . As we see, in both cases, the angle of inclination tends to pass into the region where the energy losses are at minimum.
Finally, the function U on the right-hand side of Eq. (5) is the source of extinct radio pulsars. To make a reasonable assumption about this quantity, recall how we determined it for radio pulsars. Based on the results obtained in the monograph [5] , we will assume that the birth function of neutron stars can be presented as a product of the probabilities of their initial distributions in angle χ, period P , and magnetic field B:
Unfortunately, there is at present no information about the distribution of nascent neutron stars in axial inclination χ [18] . Therefore, we have to assume that the distribution of neutron stars in their initial value of χ is equiprobable,
To determine the birth function U(P ), we constructed the distribution in period P for pulsars with dynamical ages τ D = P/2Ṗ older than the so-called kinetic age τ kin = z/v ⊥ (v ⊥ is the pulsar velocity perpendicular to the Galactic plane), which can be determined for pulsars with known proper motions. Here, we use the fact that the thickness of the disk of radio pulsars, z p ≈ 300 pc, is much larger than the thickness of the disk of supernova remnants, z sn ≈ 10 pc [12] , where most of the neutron stars are assumed to be born. As a result, the radio pulsars from this sample have not changed their periods significantly; therefore, the distribution of such pulsars in period P must be close to the true birth function of neutron stars U(P ).
The derived distribution, which is generally matches the distribution obtained previously [5] , proves to be nearly equiprobable; it at least has no distinct maximum at short periods (see Fig. 4 ). Therefore, we can assume for radio pulsars with a good accuracy that
We used this distribution function to analyze the statistical distribution of radio pulsars.
On the other hand, we see that a sharp (almost to zero) decrease in the number of radio pulsars is observed at periods P > 1 s, whereas the decrease in the number of radio pulsars for the complete sample in the period interval 1 < P < 2 s is not so appreciable. Therefore, we will assume here that no neutron stars ate born at the stage of extinct radio pulsars:
Finally, recall that we used the following magnetic-field distribution function for radio pulsars: where B 0 = 10 12 G and γ = 2. To refine the power-law dependence of the distribution function for radio pulsars on the magnetic field, we plotted the logarithmic dependence of the number of radio pulsars N(B > B 0 ) on the magnetic field B for 1348 pulsars the data for which are given in the ATNF Catalog [11] . All of the pulsars were divided into two groups by the dimensionless parameter Q that reflects their basic characteristics:
The pulsars with Q > 1 and Q < 1 are, respectively, near and far from the death line (for more details, see [4] . Figures 5 and 6 show the distribution functions for extinct radio pulsars with Q < 1 and Q > 1, respectively. As we see, the derived exponents are almost equal to those found previously for the statistics of about 400 pulsars. As a result, the distribution function for radio pulsars with Q < 1 may be chosen in the form [5]
Here, k N ≈ 4.4 is the normalization factor, Θ = θ[P 1 (χ) − P ], and N f is the number of normal radio pulsars far from the death line.
Thus, we will consider the stationary distribution of extinct radio pulsars without neutron stars being born at this stage and with the magnetic-field evolution disregarded. Accordingly, the kinetic equation (5) can be written as
The solution of the kinetic equation for the model with hindered particle escape is given by
For the model with free particle escape from the pulsar surface, we obtain
When solving the kinetic equation for the two models, we must place bounds on the region of extinct radio pulsars. For the model with hindered particle escape from the neutron-star surface (the Ruderman-Sutherland model), these boundaries are determined by the death line of radio pulsars (Θ 1 = θ[P 1 (B, χ) − P ]) and by the boundary of the transition of extinct radio pulsars to the propeller stage (Θ 2 = θ[sinχ − P 2 /P 2 E ]). For the model with free particle escape (the Arons model), in addition to the above boundaries, we must take into account the transition of pulsars to the region where the angle of inclination of the magnetic axis to the spin axis of the neutron star is close to 90
• [6] .
Let us designate the regions of active and extinct radio pulsars as regions I and II, respectively. To determine the function F (I), we must join the solutions at the boundary between the regions of active (region I) and extinct (region II) radio pulsars. Equating now the neutron-star fluxes on both sides of the death line, we obtain for the model with hindered particle escape
where all of the derivatives are taken on the death line of pulsars P = P d (χ). At the same time, for the model with free particle escape, we obtain
As a result, in the Ruderman-Sutherland model, we can write the following expression for the function F (I) with sufficient accuracy:
where n ≈ −0.6, and A(B 12 ) ∝ B 12 (1 + B 12 ) −3.7 is a function of the magnetic field.
Ruderman-Sutherland model
Let us first consider the statistics of extinct radio pulsars by assuming that the model of hindered particle escape from the neutron-star surface is valid. As we said above, the particle work function is fairly large in this case, and particles fill only the equatorial regions of the magnetosphere with the strongly curved magnetic field, in which secondary particles can still be produced. Therefore, the energy losses for the Ruderman-Sutherland model can be described with a sufficient accuracy by a magnetodipole mechanism.
Let us now turn to Eq. (21), which was derived from the conservation condition for the neutron-star flux on the death line of radio pulsars and which defines the function F (I) and, hence, the distribution of extinct radio pulsars in period P , magnetic field B, and angle χ for the model in question. In this equation, the derivativeṖ 1 corresponds to the region of active radio pulsars and can be specified by [5] :
At the same time, the derivativeṖ 2 is specified in the region of extinct radio pulsars, and Eq. (6) should be used for them. Next, let us recall that the region of extinct radio pulsars for the model with hindered particle escape is bounded by the death line of active radio pulsars (1) and the line of the transition of radio pulsars to the propeller stage (3).
Given the aforesaid and that the distribution function for normal radio pulsars is defined by Eq. (17), Eq. (21) can be rewritten as
On the other hand, the solution of the kinetic equation for the model with hindered particle escape from the stellar surface when the distribution of extinct radio pulsars is assumed to be stationary and when no stars are born at this stage and with the magneticfield evolution disregarded can be represented by Eq. (19). Thus, for the distribution of extinct radio pulsars on the death line, we obtain
Let us bring the distribution function for the extinct radio pulsars derived from the conservation condition for the flux through the death line into line with the form (26). For this purpose, we use the following change of variable:
As a result, the distribution function for the extinct radio pulsars can be finally transformed to
where
We used the following two auxiliary functions:
(31) Figure 7 shows the distribution of extinct radio pulsars in period P under the assumption of hindered particle escape for three different values of P E . The results of our numerical calculations shown in this figure are in good agreement with the analytical estimate (23) Figure 7 : The distribution of extinct radio pulsars N 2 (P ) in the model with hindered particle escape with (solid lines) and without (dashed line) allowance for the evolution of the angle of axial inclination.
obtained for the Ruderman-Sutherland model. As we see, the total number of neutron stars at the stage of an extinct radio pulsar when the evolution of the angle of inclination of the magnetic axis to the spin axis is consistently taken into account proves to be much smaller than that in the model in which the evolution of the angle of inclination is disregarded. On the other hand, the number of pulsars with short periods P ∼ 2−4 s at this stage proves to be even larger than that in the standard model (the dashed line in Fig. 7 ). This is attributable to the fast transition of neutron stars to the region of small angles of inclination where these are not only accumulated through the decrease in spindown rate, but also disappear due to the transition to the propeller stage.
Finally, it is very important that, when the evolution of the angle of axial inclination is taken into account, the transition to the propeller stage can also occur at short neutron-star spin periods P ∼ 5 − 10 s, or even at P ∼ 1 − 2 s (see Fig. 2 ). Indeed, as we mentioned above, the transition to the propeller stage occurs when the Schwarzman radius, which can be determined from the balance between the magnetodipole and external radiation pressures, becomes equal to the Bondi-Hoyle radius. However, since the magnetodipole losses at small angles of axial inclination are essentially suppressed, the transition to the propeller stage takes place even at short neutron-star spin periods:
which is about 5 − 10 s at P E ∼ 100 s (4). Recall once again that if the model with hindered particle escape from the neutron-star surface is valid, then these cannot be detected with currently available instruments.
Arons model
Let us now discuss the statistics of extinct radio pulsars by assuming that the model with free particle escape from the neutron-star surface is valid. Recall that for this model, the energy losses for both extinct and active radio pulsars are the same and are associated with the longitudinal currents in the magnetosphere. It should also be emphasized that extinct radio pulsars can be detected by their gamma-ray emission precisely for the model of free particle escape at fairly short spin periods and at relatively small distances to such stars.
Let us turn to Eq. (22), which was derived from the condition for the equality between the neutron-star fluxes on both sides of the death line of active radio pulsars. Using the distribution function of normal radio pulsars (17) derived previously [5] and refined by using the new data in this paper, let us write the following expression for the distribution function of extinct radio pulsars on the death line:
On the other hand, the solution of the kinetic equation for the model of free particle escape from the neutron-star surface can be represented as (20). Accordingly, for the pulsars on the death line, the solution of the kinetic equation is given by
Recall that, as for the Ruderman-Sutherland model, this solution was obtained by assuming the distribution of extinct radio pulsars to be stationary. At the same time, we disregarded the possibility of stars being born at this stage and the possibility of magnetic-field evolution.
Next, it is necessary to consider the boundaries of the region of extinct radio pulsars for the model with free particle escape. This region is bounded by the death line of radio pulsars, the line of the transition of pulsars to the propeller stage, and the line of the transition of pulsars to the region where the angle of inclination of the magnetic axis to the spin axis of the neutron star is close to 90
• (see Fig. 3 ). As in the case of hindered particle escape, the death line of radio pulsars is given by Eq.(1). The transition of extinct radio pulsars to the propeller stage for the model in question is defined as follows:
Here, the expression for the limiting period P E also has the standard form (4). Finally, the third bound of the region of extinct radio pulsars is the line of the transition to the region where the angle of axial inclination approaches 90
• . For this boundary, we obtained [6] :
Unfortunately, in the case of free particle escape from the neutron-star surface, the distribution function of extinct radio pulsars derived from the flux conservation on the death line can be analytically brought into line with (34) only in the approximation of large or small angles of inclination χ. Thus, for small angles of axial inclination,
At the same time, for angles of inclination close to 90
• , we obtain the following expression for the sought function F (I):
Using now the approximations for large and small angles of inclination χ, we can approximate the function F (I) for all angles of inclination χ as
Thus, the distribution of extinct radio pulsars for the model with free particle escape can ultimately be represented by the function
Recall that the normalization factor in this expression is k N ≈ 4.4, and N f gives the number of normal radio pulsars far from the death line. Figure 8 : The distribution of extinct radio pulsars N 2 (P ) in the model with free particle escape. Figure 8 shows the distribution of extinct radio pulsars in spin period P under the assumption of free particle escape from the neutron-star surface. As can be seen from this figure, for the model in question, just as for the Ruderman-Sutherland model, a consistent allowance for the evolution of the angle between the magnetic axis and the spin axis causes the total number of extinct radio pulsars to decrease. Such a decrease stems from the fact that neutron stars can pass to the propeller stage at much shorter spin periods than assumed previously. Indeed, at angles of inclination close to 90
• , extinct radio pulsars can pass to the propeller stage even at periods
Thus, if the angle of inclination of the magnetic axis to the spin axis is close to 90
• , the spin period of a pulsar passing to the propeller stage could be P ∼ 5 − 10 s.
Conclusions
Thus, we have determined the distribution of extinct radio pulsars for two models: the model with hindered particle escape from the neutron-star surface and the model with free particle escape. In both cases, we consistently took into account the evolution of the angle of inclination of the magnetic axis to the spin axis of the radio pulsar.
As a result, we showed that for both the model with hindered particle escape from the neutron-star surface and the model with free particle escape, all the details of the calculations, such as the death line of active radio pulsars, the transition of extinct radio pulsars to the propeller stage, and the evolution of extinct radio pulsars, actually require allowing for the evolution of angle of inclination of the magnetic axis to the spin axis. Unfortunately, with a few exceptions ( [5] , [16] ), no consistent analysis of the evolution of the angle of inclination has been performed previously.
As we made sure, such an allowance for the evolution of the axial inclination in analyzing the statistics of extinct radio pulsars causes the total number of such radio pulsars to decrease, thereby making it difficult to detect them with currently available instrumentation (e.g., using the INTEGRAL satellite). Such a situation stems from the fact that when the evolution of the axial inclination is taken into account, the transition of a radio pulsar to the propeller stage can occur even at short periods P ∼ 5 − 10 s. Nevertheless, for the model with hindered particle escape the number of extinct radio pulsars with periods P ∼ 2 − 4 s when the evolution of the angle of inclination of the magnetic axis to the spin axis of the neutron star is taken into account turns out to be even larger than that in the standard model. Finally, it
should also be noted that the detection of extinct radio pulsars by their gamma-ray emission would be direct evidence for free particle escape from the neutron-star surface.
